Abstract: This article addresses the Linear Quadratic Gaussian (LQG) optimal control problem for networked control systems when data is transmitted through a TCP-like network and both measurement and control packets are subject to random transmission delays and packet dropouts. Instead of adopting a "zero-input" or "hold-input" strategy, we propose a "predictive optimal-input" strategy, where at each time instant, K future control inputs are computed and sent in addition to the current one in the same control packet. The stabilizability conditions of the system are then derived. Simulation results are presented to demonstrate the effectiveness of the proposed approach.
INTRODUCTION
Networked control systems (NCSs) where data networks are used for connections between spatially distributed components of a control loop have recently attracted much attention. While using a communication network in NCS offers many advantages, it also leads to new challenges. Random time delay and data packet dropout are two main unavoidable problems in data transmission over unreliable communication networks, [10] . Usually the packets in NCSs suffer both random time-varying delays and dropout during the network transmission which would in general have a detrimental effect on the stability and performance of NCSs.
Existing works in control and stability in NCS context mostly considered the packet loss or packet delay uncertainty in data transmission through the network. See for example [1] . However, we do remark that the results of [1] have been also extended to allow for a constant unit time delay in the control input, assuming the states are available to the controller for state feedback control. LQG optimal control problem over lossy TCP-like channels with randomly dropped sensor and control packets according to a Bernoulli process has been investigated in [12] and [11] . [3] also considered the problem of optimal LQG control when sensors and the controller are communicating across a packet erasure channel.
There are quite a number of results considering both time delays and packet losses in NCSs. Most of them only considered the stabilization rather than performance e.g. [7] , [17] or they assumed all of the states of the system are available for state feedback control, ( [5] ) or they considered delay and/or dropout in only one of the channels, [3] . In [4] and [7] , discrete-time networked control system in the presence of random delays and dropouts is considered. However, both works assumed that all of the states are available to the controller for the state-feedback control. [17] addressed the stability analysis and synthesis problems for a class of NCSs under the effect of both delay and dropout where the full state vector is not available but assumed the network is only present between the sensor to the controller. [6] dealt with the control problem of networked systems in which random delays, packet loss and limitations of the communication channels between sensors, actuators, and controllers were taken into account. However, no stability analysis, taking the arrival probability of packets into account was presented.
A Predictive controller where, at each sampling instant, a finite number ( K ) of future control inputs are computed and sent in addition to the current one in the same control packet (of size K +1) has been investigated in [8] via a "receding horizon" approach. It was then shown via simulations that under this scheme the overall performance of the closed-loop system, in terms of lower cost, has improved. However, the approach of [8] was developed to handle packet dropouts only (We acknowledge that this would not rule out applications of the approach to NCS involving both packet delays and losses because one could always discard a delayed packet and treat it as a lost packet).
Moreover, the solutions obtained in [8] is dependent on the availability of some transitional probabilities, ij q 's ─ the probabilities of the system being in state j at time step 1 k − given that the system was in state i at time step k (i.e. a back-ward type of conditional probability, see equation 3 of [8] ), and are hence quite tedious to compute. Apart from that, the complexity of the computations of ij q 's with increase in K , increases exponentially. The problems with the availability of ij q 's and the corresponding computational complexity involving ij q , as well as the desirability of considering both packet delays and dropouts in measurement and control packets with the stability analysis, motivate us to propose a "predictive-input" strategy for the LQG control of networked control systems, with both measurement and control input packets subject to random delay and loss and where the states are not available to the controller. The paper is organized as follows. Section 2 will provide the mathematical formulation of the problem. In section 3, the optimal estimation problem with possible packet delay and dropout in both measurement and control input is studied. The controller design, i.e. predictive optimal inputs, is then derived in section 4. In section 5, the main results of the paper, i.e. the finite and infinite horizon LQG under TCP-like protocols via multiple predictive input control packets and the stabilizability analysis of the system with predictive optimalinput packets, are presented. In section 6, we give some examples to illustrate the applicability and effectiveness of proposed LQG filter-controller design schemes. Finally we give our conclusions in section 7.
PROBLEM FORMULATION
Consider the following discrete-time linear time-invariant system: It is further assumed that arrival of packets from the controller to the actuator containing information about control input to be applied may be characterized by another sets of random variables , Suppose the remote controller has decided that ( ) u k is the desired input to be applied at the actuator at time k .
However, because of network condition, the packet containing this information may or may not reach the actuator on time.
As we have already mentioned, we assume the network adopted a TCP-like protocol, [11] , so that the acknowledgement is always available to the controller, on time and with no loss, if the control packet has been received by the actuator. It has been shown that under such condition, the separation property holds and the optimal control law is in the form of ( )
Kalman estimate of ( ) x k (after measurement update, [11] ) at time k . The objective of the estimation-control law is to minimize the following cost function:
as the control input calculated by the controller at time step k corresponding to the optimal control input to be applied at time k i + . Thus the controller computes and dispatches a packet containing 
We shall refer to this strategy as a "predictive-input" strategy. Obviously, to apply this strategy, we wish to 
ESTIMATOR DESIGN

Optimal State Estimation
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The problem of the optimal state estimation under the conditions we have considered (i.e. with packet delays and dropouts) can easily be solved as in [9] or [10] . The reader is referred to the two references for more detail. We denote the optimal state estimate at time k , as ( )
But because of the possibility of packet delays and dropouts between the controller and actuator, the computed desired control input ( ) ( / )
may not be available to the actuator at time k . In fact, if m ( 0 m K < ≤ ) consecutive control packet dropouts have occurred immediately before time k , then the best state estimate that may be "deemed available to the actuator" (via 
may be regarded as the set of measurements deemed available to the actuator at time step
( ) z j may be deemed available to the actuator at time step k .
Let k I ′ denote the set of information on input and measurements which is "deemed available" to the actuator at time k . Clearly, if Ғ k-m is the latest (and hence the largest set of) information (deemed) available to the actuator at time k , then we may denote the information deemed available to the actuator at time k by
In such case,
would be the best estimate of ( ) x k (deemed available to the actuator). The relevant equations for the optimal state estimates deemed available to the actuator at some future time k+j may then be (conceptually) computed as follows: Compute best current state estimate based on k I ′ : 
CONTROLLER DESIGN (PREDICTIVE OPTIMAL INPUTS)
The probability of
. Hence, the probability of ( ) 0
. Then the following facts are true: 
where the matrix k Γ and the scalar k c may be computed recursively as follows: Moreover, the optimal control decision is given by
where
Proof: Similar to proof of lemma 5.1 in [11] , with Ғ k replaced with k I ′ , omitted due to space constraint.
Remark 1:
Note that in Lemma 4.2, we have expressed m as ( ) m k . This is because at different time k , the corresponding m may vary. We further note that the probabilistic distribution of ( ) m k in general depends on both γ and ν .♦
THE MAIN RESULTS
Finite Horizon LQG under TCP-like Protocols via Multiple Predictive Input Control Packets
Consider the system (2.1) and the problem of minimizing the cost function (2.2). Then the suboptimal control is a linear function of the estimated state given by equation (4.7) and (4.8) where the matrix is computed recursively by (4.5). The separation principle holds under TCP-like protocol. The optimal state estimator is given by (3.4)-(3.12) .
Therefore the combined estimation-control scheme may be summarized by the following conceptual algorithm: Conceptual Algorithm 1. Controller pre-computes , 0,1, 2,..., 
Stabilizability of the System with Predictive Optimalinputs Packets
For simplicity and ease of exposition we shall first consider the case of only possible packet dropout but not packet delay for the control packets, and later we extend it to possible delay and dropout in the control input.
We know that delay in measurement in general does not cause the Kalman filter to diverge, [9] . Since the separation property applies for the TCP-like networked systems [11] , for the purpose of analyzing the stability of the control scheme we shall assume Restricting ourselves to the case where there is no delay (i.e. there is only packet dropout), we consider an equivalent system of which the controller is co-located with the actuator so that the controller-actuator knows what k F is. Suppose the controller-actuator depends on "some" (fictitious) estimator (which is different from the real estimator of the closed-loop system) to provide it with the best ( ) The (fictitious) estimator set ( ) 0 s x k = after it fails to receive measurement in last consecutive K sampling time.
It follows that the closed-loop system will be stable if and only if the "fictitious" state estimations are stable.
Next, we consider the case in which delay is permitted. If delayed control packets are admitted, then when a delayed control packet arrives at the actuator at time step k , two cases could happen. The first one is when the packet has arrived before all of its successors. In such case, it will be stored in the buffer for control purposes (and hence considered "useful") and we may deem it as a delayed measurement has arrived. However, if it arrives after one or more of its successors, it will be discarded and treated as a lost packet. Nevertheless, all the measurements that are deemed to have incorporated, would have been incorporated by its successors arrived earlier, so no information is actually lost despite its being discarded. Hence, a delayed control packet arrival may be deemed as a delayed measurement arrival at the actuator. Since delays in measurements in general do not lead the state estimations to instability as long as they arrive eventually [9] , employing the same argument as above shows the stability of the overall closed-loop will not be affected by the delays of the control packets, if 1 γ = . We may now state our results on stabilizability. The following propositions are used to establish necessity condition and sufficient condition for stabilizability: A B be controllable and 0 R > . Assume the probability of control packet loss between the controller and actuator is 1 ν − . Then the system cannot be stabilized via a linear regulator using multi-predictive optimal input control packets with finite K and zero-input strategy if 
Proof:
The proof is omitted due to space constraint. (1 (1 ) ) ( ) . 
The proof is omitted due to space constraint.
EXAMPLES
Example 1:
We consider the system used in [8] :
[ ]
The noise processes ( ) v k and ( ) w k are assumed to be zero mean, with variances 0.5 R = and Fig. 3 where we have incorporated the performance of the single-control packet based zero-input strategy and hold-input strategy for comparison. We note that 0 K = is equivalent to zero-input strategy of [11] . From Fig 4, it can be seen that the LQG cost decreases as the number of control inputs per packet is increased but it is getting flatter as the number of control inputs is further increased, especially for higher probabilities of control input arrival. This is because for high probabilities of arrival, the chance of consecutive packet dropouts is small One may take the "knee-point" of leaving-off as the "optimal" packet size.
Next, we focus on 0.6 ν = to investigate the effect of admitting a one-step delay. Let 1 ρ , 2 ρ and 3 ρ denote the probabilities that the packet which arrives at the actuator is a current control packet, a one-step delayed control packet, and one with more than one-step delay or no packet arrives at the actuator respectively. We assume that by admitting a one-step delay, the value of ν may be increased to 0.72 (with for different values of K . In other words admitting a one-step delayed packet as a delayed packet (i.e. not a lost one) in the controller design, helps to improve the system performance.
CONCLUSIONS
In this paper, we considered the LQG control problem over a communication network where both the measurement and control may be delayed or lost. We adopted a multiple-control packet-based predictive-input strategy. Simulations results showed that the strategy proposed in this paper performs better than the single-control packet based zero-input strategy and the hold-input strategy.
